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Abstract

A numerical and experimental study of the laminar ¯ow and heat transfer characteristics of a cylinder in cross-¯ow is presented.

The computational technique used is a stream function-vorticity formulation of the laminar ¯ow steady state incompressible Na-

vier±Stokes and energy equations and uses a Gauss±Seidel over-relaxation technique to obtain stream function and temperature

distributions. Calculations are presented for an isothermally heated single tube in a duct with di�erent blockage ratios. The variation

of local Nusselt number, pressure and also isotherm and streamline contours are predicted with Reynolds number of 120 and 390.

For the Reynolds number of 390, the local Nusselt number distributions are shown to be similar to those obtained through mea-

surement of the local heat ¯ux from the surface of a tube using a micro-foil heat ¯ow sensor. Ó 1998 Elsevier Science Inc. All rights

reserved.
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1. Introduction

Heat exchangers with tube banks in cross-¯ow are of great
practical interest in many thermal and chemical engineering
processes. In order to examine the process of ¯ow and heat
transfer for a single tube and a tube in a bank and their re-
sponse to changes of geometry or ¯ow conditions, it is possible
to undertake experimental and numerical studies on simple
geometrical models. Local surface values and overall ¯ow
and temperature distributions can be used to determine the ef-
fect of each geometrical or ¯ow parameter. Consequently a
large number of experimental and numerical studies have al-
ready been carried out to determine heat transfer and ¯ow
structures for single tubes and tube banks under di�erent con-
ditions to consider the e�ects of blockage, of longitudinal or
transverse pitch ratios, of Reynolds number and of other con-
ditions. Buyruk et al. (1995) have studied experimentally the
local Nusselt number distribution within a single tube row
for di�erent blockage ratios in cross-¯ow for Reynolds num-
bers between 7960 and 47770. Akilbayev et al. (reported by
Zukauskas, 1972), Perkins and Leppert (1964), West and Apelt
(1982) and Hiwada and Mabuchi (1980) have investigated the
e�ect of blockage by either changing duct width or by altering
tube diameter in the subcritical Reynolds number range (i.e.
laminar boundary layer). Chen et al. (1986), Paolino et al.
(1986), and Launder and Massey (1978) have predicted Nusselt
number distributions for single tubes in large ducts (i.e. no
blockage e�ects) and for a tube in a bank.

Although it is bene®cial to operate heat exchangers in tur-
bulent ¯ow, it is not unusual for them to operate with low

Notation

B blockage ratio
D tube diameter
g acceleration due to gravity
hh local heat transfer coe�cient
k thermal conductivity
P pressure
Ph local surface static pressure
T temperature
Ts surface temperature
T1 free stream temperature
V upstream velocity
W width of the duct
u; v velocity components in x and y directions respectively
x; y cartesian coordinates
n; g orthogonal coordinates
a thermal di�usivity
m kinematic viscosity
q density
w stream function
X vorticity

Non-dimensional numbers
Gr Grashof number
Re Reynolds number
Nu Nusselt number
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Reynolds number ¯ow. From a review of the literature it is ev-
ident that only a few experimental studies have investigated the
¯ow and heat transfer around a tube for low Reynolds num-
bers. Eckert and Soehngen (1953) used a Mach±Zehnder inter-

ferometer to obtain the temperature ®eld in the wake of heated
cylinders up to 38.1 mm diameter for low Reynolds numbers.
Krall and Eckert (1973) investigated the local heat transfer co-
e�cient around a 4.73 mm cylinder for Reynolds numbers be-
tween 7.4 and 4640 without specifying the e�ect of blockage on
the distribution. Dennis et al. (1968) calculated the distribution
of heat transfer coe�cient around a cylinder in viscous ¯ow
with Reynolds number between 0.01 and 40. They were able
to show good agreement with experimental data for the aver-
age heat transfer coe�cient but were unable to make compar-
isons for the circumferential distribution of heat transfer
coe�cient due to the absence of experimental data.

For tube banks, the overall ¯ow and heat transfer charac-
teristics have been investigated by several authors. Omohun-
dro et al. (1949) obtained results for the overall pressure
drop and heat transfer with laminar ¯ow through a staggered
tube bank. Bergelin et al. (1949) undertook similar work for in-
line and staggered tube bank geometries. Antonopolous (1985)
computed the convection heat transfer in tube assemblies for
laminar ¯ow. He calculated both local and average heat trans-
fer coe�cients and again the lack of experimental data for the
circumferential distribution of heat transfer was evident. Sim-
ilar observations can be made regarding the study of Faghri
and Rao (1987) who computed values for average Nusselt
number in ®nned and un®nned tube banks. More recently

Fig. 1. Con®ned single cylinder, B � D=W .

Fig. 2. Computational grid for calculation.

Fig. 3. Instrumented tube.

Fig. 4. Wind tunnel. Fig. 5. Streamlines for di�erent blockage ratios with Re� 120.
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Zdravistch et al. (1995) carried out a numerical study of both
laminar and turbulent heat transfer in tube banks; again, be-
cause of the absence of detailed measurements in laminar ¯ow,
they had to resort to comparing overall heat transfer coe�-
cients using the data of Bergelin et al. (1949).

There is a relative scarcity of data for heat transfer from
tubes and tube banks at low Reynolds numbers and therefore
the purpose of this paper is to present results of an investigat-
ion into the local variation of heat transfer coe�cient around a
cylinder in low Reynolds number ¯ow and to consider the ef-
fect of varying blockage. The numerical and experimental
study considers the e�ect of blockage on the ¯ow and heat
transfer characteristics of a single tube in a duct. The Reynolds

numbers used are 120 and 390 and the blockage ratio is varied
from 0.18 to 0.47. The computational technique uses the
stream function-vorticity formulation to solve the laminar,
steady-state Navier±Stokes equations and energy equation.
Numerical results are obtained around half the cylinder includ-
ing the wake zone beyond the separation point. The experi-
mental work involved a heated copper cylinder of 50 mm
diameter instrumented with a surface heat ¯ux sensor which
was used to obtain the circumferential distribution of heat
transfer coe�cient. Whilst the experimental data presented is
limited in its ranges of Reynolds number and geometry, it nev-
ertheless makes a contribution to this area where data is
scarce.

Fig. 6. Isotherms for di�erent blockage ratios with Re� 120.
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2. Numerical modelling

2.1. Grid

Some ¯ow problems can be solved using an orthogonal co-
ordinate system �n; g� where n and g are known functions of x
and y and the ¯ow boundaries are lines of constant n or con-
stant g. The grid is then simply made up of lines of constant
n and constant g. A common example is the cylindrical co-or-
dinate system. In the present study, the grid generation is
based on that of Thompson et al. (1974) as developed by John-
son (1990). The method generates orthogonal curvilinear grids
by solving two Laplace equations for n and g. In the current
work an ``O'' grid is used where the rectangle g � 0, gmax,
n � 0, nmax is mapped onto the ¯ow geometry as shown in
Fig. 1.

2.2. Computational technique for solving conservation equations

The ¯ow and heat transfer through the geometry is gov-
erned by partial di�erential equations derived from the laws
of conservation of mass, momentum and energy. In two di-
mensions, two momentum and one continuity equation togeth-
er with the appropriate boundary conditions contain enough
information for solution of the velocity components u and v
and pressure p at any point. The temperatures can be found
by application of the energy equation. In the present study,
the computational technique used is a stream function-vorti-
city formulation of laminar, steady Navier±Stokes equations
with assumed constant density, as described by Johnson

(1990). Introducing the stream function, w, with the continuity
equation then

@w
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� v �1�

and the vorticity X is then written as
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Replacing u and v in the momentum equations using Eqs. (1)
and (2) then gives:
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The solution of these equations is simpli®ed by cross-di�eren-
tiating with respect to x and y respectively and subtracting to
eliminate the pressure terms. This then leads to

mr2X � @w
@y

@X
@x
ÿ @w
@x

@X
@y

: �5�

Eqs. (2) and (5) are solved simultaneously to obtain stream
function and vorticity values. Once stream function is known,
the velocities can be determined from Eq. (1). The temperature
distribution can then be determined from the energy equation
as

Fig. 7. Calculated local Nusselt number and pressure coe�cient for

B � 0:18 and Re� 120.

Fig. 8. Calculated local Nusselt number and pressure coe�cient for

B � 0:4 and Re� 120.
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On the surfaces, u and v are zero and hence the w terms in
Eqs. (3) and (4) are zero. These equations can therefore be in-
tegrated along the surface to obtain the pressure distributions.

The Nusselt number can be obtained since the conductive
heat transfer rate of the ¯uid over the solid boundary equals
its convective heat transfer rate

ÿ k
dT
dn

� �
s

� hh Tsurface ÿ T1� � �7�
and the local Nusselt number is given by

Nu � hhD
k
: �8�

The present scheme utilises second order accuracy centre
di�erencing. Flow and temperature solutions are obtained
using a Gauss±Seidel over-relaxation procedure. The numeri-
cal solution of the equations was accomplished by transform-
ing the governing Eqs. (2), (5) and (6) onto an orthogonal
curvilinear grid. The computer code is described in more detail
by Johnson (1990).

2.3. Boundary conditions and computational procedure

The conservation laws governing the ¯ow and heat transfer
have been reduced to partial di�erential equations of stream
function, vorticity and temperature. Boundary conditions are
used at inlet, outlet, sidewalls and solid-body boundaries.
The sidewalls are lines of symmetry between cylinders ar-
ranged in a row across the ¯ow.

· In the inlet section, both velocity components are known
therefore w, and @w=@n can be speci®ed along the inlet
boundary, where n is the direction normal to the boundary.

· In the outlet section, assuming the outlet is su�ciently far
downstream of the blu� body and the static pressure is con-
stant across the outlet then @X=@n � 0 and v � 0 also
@w=@n � 0.

· On the side boundaries v � 0 and so w is constant. T is also
assumed to be equal to the inlet free stream temperature.

· On the cylinder, again both velocity components are zero
and the temperature is constant.
The ¯ow domain under consideration, for a single tube in a

row can be seen in Fig. 1. The upper and lower boundaries of
the ¯ow domain are lines of symmetry. The blockage ratio is
de®ned as D=W where W is the height between the side walls
and D, the diameter of the tube. The blockage ratios used were
0.18, 0.40 and 0.47. The value of 0.18 was selected as being rep-
resentative of a single tube, a smaller ratio would have been de-
sirable but was computationally expensive. The values 0.40
and 0.47 are typical of heat exchanger geometries.

The computational grid for a blockage ratio of 0.18 is
shown in Fig. 2. The O type grid used avoids rapid changes
in the spacing of the grid cell near the solid body. The grid
is generated in two stages. Firstly the desired point distribution
is chosen on the physical domain boundary and secondly the
interior coordinate lines are generated to maximise orthogo-
nality with the point distribution on the boundaries. Large
variations in the stream function, vorticity and temperature oc-
cur near the surface of the body. Therefore, a smaller mesh size
close to the surface is desirable with a coarser mesh further
from the body. To vary Reynolds number �Re � VD=m�, the
upstream velocity, V , was altered while the tube diameter
was kept constant at 0.05656 m and the air viscosity at
1:58� 10ÿ5 m2=s. The stream-function on the boundaries is
calculated assuming that the value on the bottom boundary
is zero and that the value on the top boundary is w � VW ,
where W is the width of the channel.

Predictions were made for the single tube geometry for a
range of Reynolds number between 120 and 390. Local Nusselt
number was calculated using Eq. (7) and was plotted against
the angular position on the tube. The local pressure coe�cient
was de®ned as

Cp � 1� Ph ÿ Ph�0

1
2
qV 2

: �9�

Here, V is taken as the upstream velocity and Ph the surface
static pressure at angle h measured from the front stagnation
point.

The Reynolds number used in the calculation is within the
range for which buoyancy e�ects may be safely neglected be-
cause the Reynolds number yields a forced convection velocity
that is very much higher than the characteristic free convection
velocity (Kreith, 1965), thus

Gr

Re2
< 1; �10�

where Gr is the Grashof number

Gr � gbV DT D3

m2
: �11�

In the present study 0:036 < Gr=Re2 < 0:558.

3. Experimental procedure

Experiments were carried out using a thick-walled copper
cylinder which was heated internally by an electric cartridge
heater and held between two PVC tubes to form a single tube

Fig. 9. Calculated local Nusselt number and pressure coe�cient for

B � 0:47 and Re� 120.
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assembly as shown in Fig. 3. The heat ¯ux from the surface of
the cylinder was measured using an RdFTM micro-foil heat ¯ux
sensor type 27034 attached to the surface with an epoxy resin
adhesive. The voltage output from the sensor was connected to
a digital multimeter and this reading was converted to heat ¯ux
using the calibration factor provided by the sensor manufac-
turer. Surface temperature was also measured by the heat ¯ux
sensor and was recorded by a digital thermometer. It was ob-
served during the experiments that the distribution of surface
temperature rarely varied by more than 1�C because of the
high thermal conductivity of the copper. In the numerical cal-
culations, therefore, a constant surface temperature was as-
sumed.

Only one heat ¯ux sensor was used on the tube surface and
the angular position of the tube was varied from 0� to 360� in
10� steps. A protractor was ®tted to one end of the tube to al-
low the angular location to be monitored. Air temperature was
recorded by a mercury thermometer placed into the upstream
section.

A row of horizontal tubes was placed in the working section
of the wind tunnel as shown in Fig. 4. The spacing of the tubes
could be adjusted and slender wedges were used at the end of
the row to ensure the correct gap was maintained. Experimen-
tation started with the single instrumented cylinder over a Rey-
nolds number range of 120±390. The heat transfer
characteristics obtained were used as the bench-marks against

Fig. 10. Streamlines for di�erent blockage ratios with Re� 390.
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which the remaining data could be compared. A single cylinder
corresponded to blockage ratio of 0.18, additional tubes were
added to produce blockage ratios of 0.4 and 0.47. Upstream
velocity measurements were obtained using a hot wire probe.

4. Results and discussion

For a cylinder in cross-¯ow a laminar boundary layer deve-
lops from the front stagnation point and grows in thickness

around the cylinder. Separation of the laminar boundary layer
takes place when the low velocity ¯uid close to tube wall can
no longer overcome the adverse pressure gradient over the rear
portion of the tube and the ¯ow stalls forming a region of re-
verse ¯ow close to the surface. This reverse ¯ow is con®ned to
the region between the separation point and the rear stagna-
tion point and so a vortex is established on each rear half of
the cylinder. Zukauskas (1972) studied how this process varies
with Reynolds number. When Reynolds number is smaller
than 1, inertial forces are negligible relative to the viscous forc-

Fig. 11. Isotherms for di�erent blockage ratios with Re� 390.
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es and laminar boundary layer separation takes places at the
rear stagnation point. When the Reynolds number is greater
than 5, the laminar boundary layer separates from the tube be-
fore the rear stagnation point, and symmetrical stable vortices
are formed behind the tube. In the case of Reynolds number
greater than 40 stability is lost and vortices are shed from
the rear of the tube. The Reynolds number of the ¯ow deter-
mines both the thickness of the laminar boundary layer and
the point at which it separates from the tube.

Flow around circular cylinders and boundary layer separa-
tion have been investigated at various Reynolds numbers by
Kraabel et al. (1982), Zukauskas (1972), Schmidt and Wenner
(1943) and Boulas and Pei (1974). Variation in local Nusselt
number around the cylinder is a�ected by the boundary layer
development on the front of the tube and by separation and
vortex shedding over the rear. The maximum Nusselt number
occurs at the front stagnation point where the boundary layer
is thinnest and hence resistance to heat transfer is at a mini-
mum. The minimum Nusselt number is found to correspond
to a point close to the boundary layer separation point. The
minimum Nusselt number location is hence dependent on the
Reynolds number of the ¯ow.

In practice, circular tubes are usually in a ¯ow channel
where considerable blockage is presented and this has a great
in¯uence on the heat transfer. As blockage increases, the veloc-
ity increases outside the boundary layer and the pressure and
velocity distributions change accordingly. Figs. 5±9 show the
calculated laminar heat transfer and ¯ow characteristics for a

single cylinder for a Reynolds numbers of 120 and blockage ra-
tios of 0.18±0.47. Streamline contours are shown in Fig. 5 for
di�erent blockage ratios and it is seen that the separation point
moves downstream as a result of increasing blockage. It is seen
from the isotherm contours in Fig. 6 that the thermal boun-
dary layer develops around the cylinder and its thickness is
very similar for the three di�erent blockage cases prior to sep-
aration. The isotherm contours show how the thermal boun-
dary layer thickens rapidly beyond the separation point.

In order to evaluate the accuracy of the heat transfer calcu-
lation procedure developed in this study, the local Nusselt
number distribution for the low blockage case �B � 0:18� for
a Reynolds number of 120 was compared with the data of Eck-
ert and Soehngen (1953) for uncon®ned ¯ow (experiment and
calculation) as shown in Fig. 7. There is good agreement be-
tween the measurements and both calculations for most of
the range. However for their calculation the minimum Nusselt
number occurs later than observed at about 155�. The current
calculation predicts the location of the minimum Nusselt num-
ber very well although the experimental values are slightly low-
er than the predicted values. This could be due to the blockage
or the free convection e�ects which were not speci®ed by Eck-
ert and Soehngen. The calculated values of local Nusselt num-
ber and surface pressure for blockage ratios between 0.18 and
0.47 are shown in Figs. 7±9. The location of minimum Nusselt
number and minimum pressure move downstream to the rear
of the tube as the blockage is increased. The values of Nusselt
number and pressure also increase with increasing blockage.

Fig. 12. Calculated and measured local Nusselt number and calculated

pressure coe�cient for B � 0:18 and Re� 390.

Fig. 13. Calculated and measured local Nusselt number and calculated

pressure coe�cient for B � 0:4 and Re� 390.
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Figs. 10±14 show the laminar heat transfer and ¯ow charac-
teristics of a single cylinder corresponding to a Reynolds num-
ber of 390 with the same blockage ratios as used for the
previous case. The streamline contours can be seen in Fig. 10
which shows that the separation point moves from 115� at a
blockage ratio of 0.18 further downstream by about 10� as
the blockage is increased to 0.47. The e�ect of increasing Rey-
nolds number is to move the separation point upstream. The

isotherm contours are shown in Fig. 11 and show that the
thickness of the thermal boundary layer is less than for the pre-
vious Reynolds number of 120.

A comparison of the calculated local Nusselt number distri-
butions and the experimental results is made in Figs. 12±14. In
each case, the agreement is good up to the position at which
the minimum Nusselt number is observed, close to the point
at which the boundary layer separates. The numerical model
predicts the separation to occur about 10� beyond that found
by experiment and as a result beyond separation the predicted
Nusselt numbers are lower than measured. The di�erences are
possibly due to the fact that in the experiments the unsteady
vortex shedding process will carry cool air into the wake region
thereby increasing the e�ective temperature di�erence and
hence the heat transfer from the surface. It can also be seen
from these ®gures that if the separation point had been predict-
ed accurately, the agreement beyond it would have probably
been reasonably good. The failure to accurately predict the
separation point is also related to the fact that there will not
be a ®xed, steady separation point and wake, but a periodic
one. This unsteady e�ect is not modelled in the numerical cal-
culations which use the time averaged Navier±Stokes equa-
tions.

Considering the overall heat transfer from the cylinder, this
can be found by integrating the heat transfer coe�cient to cal-
culate the average Nusselt number as shown in Fig. 15. Again
the satisfactory agreement between experiment and prediction
can be seen.

5. Conclusions

Numerical calculations have been carried out for laminar
¯ow and heat transfer for ¯ow past a single cylinder in a
row of cylinders. The numerical investigation has considered
the e�ect of blockage and Reynolds number on the heat trans-
fer and ¯ow characteristics. Calculations have been carried out
for Reynolds numbers of 120 and 390 and blockage ratios be-
tween 0.18 and 0.47. The results were compared with experi-
ment. The main conclusions are as follows:
· Increased blockage causes the separation point to move

downstream. Experimental separation point locations did
not always agree well with the ¯ow predictions.

· Increasing blockage increased the heat transfer rate from
the cylinder.

· Increasing Reynolds number causes the point of separation
to move upstream and the overall heat transfer to increase.

· The agreement between measured and numerically predict-
ed heat transfer distributions was generally satisfactory ex-
cept for the rear of the cylinder because of the di�culty of
predicting accurately the separation point. Unsteady time
dependent calculations are needed to model the periodic
vortex shedding process.
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